l l I I max planck institut
informatik

Computing a Complete

Basis for Equalities
Implied by a System of LRA Constraints

Martin Bromberger, Christoph Weidenbach

Max Planck Institute for Informatics

7/2/2016



Linear Arithmetic / Linear Programming

Input: Z?’:l a;; - T; < b; fori=1,....m
coefficients (€ Z) variables bound (€ Z )
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Linear Arithmetic / Linear Programming

Input: al'x < b fori=1,...,m

Goal: xeR" (LRA/LP) or xeZ" (LIA/ILP)

Complexity: P NP
Example:
2y < dx, 3y > 4x,

2y < —bx + 15, 2y > —3x + 4,

LIA: (z,y) = (1,2)
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Fast Cube Tests

for LIA constraint solving
(Bromberger & Weidenbach, IJCAR 2016)

| | \/.

LaFgeszt Cube Test

 largest cube Inside the set of real solutions
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Fast Cube Tests

for LIA constraint solving
(Bromberger & Weidenbach, IJCAR 2016)

| | \/.

LaFgeszt Cube Test

 largest cube Inside the set of real solutions
* center point

max planck institul
inl p || Rt Basis for Equalities — Bromberger, Weidenbach 71212016 3/15



Fast Cube Tests

for LIA constraint solving
(Bromberger & Weidenbach, IJCAR 2016)

| | \/.

LaFgeszt Cube Test

 largest cube Inside the set of real solutions
« center point — integer point
« optimization LP (LRA) + evaluation
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Equalities

2y < 2+ 3z, 2y > —2 4+ dux,
by < 25 — 3z, 2y > 4 — 2z,

substitute {1l y — 22

220 <243z, 2 2x>-2+4 5z,

T 5.20 <253z, 227 >4 2z,

Py ] |r| Py '~ |.I‘_ .GC<2, 2>£I?,

a -

3 2
0 1 2
xwl$$yw2 13z < 25, 3r > 2,
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Equalities

Illpl

2y < 2+ 3z, 2y > —2 4+ dux,
by < 25 — 3z, 2y > 4 — 2z,

y =2

Diophantine Equation Handler

A Practical Approach to

Satisfiability Modulo Linear Integer Arithmetic
by A. Griggio. JSAT 2012

| | 1 1 ] & y S 47 4 Z y?
4
13y < 50, 3y > 4,
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informatik Basis for Equalities — Bromberger, Weidenbach 71212016




Equalities

2y < 2+ 3x, 2y > —2 + b,
by < 25 — 3z, 2y > 4 — 2z,

y =2

Diophantine Equation Handler

A Practical Approach to

Not Always Explicit!
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Implied Equalities

&

explicit | Vo e R [az <t|-[dTz=c]  implicit
2y=2+2]) (2y>a+2)
[3y < —x +38, 3y > —x+8, | [3y < —z+ 38, y < 2z — 2,
AV 4 A4
20 =x + 2 2y =x + 2
L2 ) Yy = 2x — 2, [ ) Yy = 2x — 2,
[3y = —x + 8] [3y = —x + 8]
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Equality Basis

&

explicit | Vo e R [az <t|-[dTz=c]  implicit
2y=2+2]) (2y>a+2)
[3y < —x +38, 3y > —x+8, | [3y < —z+ 38, y < 2z — 2,
AV 4 A4
20 =x + 2 2y =x + 2
L2 ) Yy = 2x — 2, [ ) Yy = 2x — 2,
[3y = —x + 8] [3y = —x + 8]
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Equality Basis

Equality Basis:

Implied Equalites:
All
linear combinations
of the
Equality Basis

[ Vo € R"[Ax < bl%ldTI’ = c”

1.set of
linear independent
equalities
2. maximal
[3y§—:c—|—8,] y < 2x — 2,
AV
[ 2y =x + 2 ]
y = 2x — 2,
3y =—x+8

A, A, ER
Aq o[2y:a}—|—2]+12 3y =—2+8
V
(24, + 34,)y =
(A — A2)x + (24, — 845)
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Equality Basis

Equality Basis: ¢ - - + - - | Implied Equalites:
1.set of All

linear independent linear combinations

equalities | of the

2. maximal [ . Equality Basis

[ Vo € R"[Ax < bl%ldTiU = c”
[3y < —x 48 y <2z — 2, %-[2y:w+2]—§- Sy=-—x+8
Z Y
2 = x + 2
|3y = —x + 8|
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Equality Basis

Simplification:
Eliminating
Equalities
via
Substitution

Vo € R"[Ax < bl%ldTﬂD’ = ¢|
| |

[2y >z +2,] 2y = x +2 [3y = —z + 8

AV4
(2y=z+2) | 5y=10 |
By =—2+8] | y—2 |
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Equality Basis

Simplification: Verifying
Eliminating Implied Equalities:
Equalities via
via Substitution
Substitution (Nelson-Oppen)
[ Vo € R”.lAa: < bl%ldTiU = c” .
[2y > 2+ 2] Yy =2x — 2
[3y < —z + 8 y <2z — 2, [a:r—>2y—2]/@
N\ y=4y—6
[2y=xz+2| Yy — 2 4@
|3y = —x + 8| 0=0

TN p W T ilormatik Basis for Equalities — Bromberger, Weidenbach
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Nelson-Oppen Combination
U =7

—

pairs of
equivalent
variables

o ={lz—2-2] y—=2 ]}

rTo = _
yo — | >a: Y
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Nelson-Oppen Combination

U =7
pairs of

equivalent

variables
w =z

_ o + normalizing _
semantic |, > syntactic
equivalence equivalence

Find equivalent variables with DAGS!
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Nelson-Oppen Combination
U =7

How do we find equalities?

w =z

_ o + normalizing _
semantic > syntactic

equivalence equivalence

Find equivalent variables with DAGS!
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Largest Cube Test

maximize e

subject to: subject to:
aTe <b — | aTet el 5 <5
fore=1,...,m fore=1,...,m
n
where HCL@H1 = Z |a7;j|
j=1

T ¥

Z 3 4 5 wrax plaucs s
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Equality Test

subject to:

al'z < b;

fore=1,...,m

—

where ||a;||; :

£ - .
1s - .

e=-0-

e >0
subject to:

fore=1,...,m

n

> laijl

j=1

Z 3 ' 5 llﬂﬂx plhu-un ulu:.u.uL Z
AR p BB informaik Basis for Equalities — Bromberger, Weidenbach 71212016
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Equality Test

subject to:

al'z < b;

fore=1,...,m

Interior & Surface

—

i 3 3 i
l l I I max planck institut
informatik

subject to:

Interior
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Equality Test

subject to:

al'z < b;

fore=1,...,m

Interior & Surface

—

i 3 3 3
l l I I max planck institut
informatik

subject to:

Interior
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Equality Test

subject to: subject to:
al'z < b; : al' zQb;
fore=1,...,m fore=1,...,m
sat unsat

—
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Equality Test

subject to: subject to:
al'z < b; : al' zQb;
fore=1,...,m fore=1,...,m

sat unsat

Conflict: C C{1,...,m}

alx <b; forieC
unsat

S

alz=10b, forieC

)
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original

Equality Explanation

—2z+y < =2,

[ r+ 3y <8,

]

| z-2<-2,

Illpll

max planck institut
informatik

—2z +y < =2,
=

] Positive @ 2z —y < 2,
Linear
Combinations

Basis for Equalities — Bromberger, Weidenbach
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Equality Explanation

=t

original

R | 1 2z +y < -2,

[ T+ 3y <8, ]-

(OF EIEITEL N N
xr—1y < 7
[m—2y§—2,]-.@_.[%$_1_54y§_1_§17]
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Equality Explanation
strict

=2z +y < -2,

[33—|-3y<8, ]

[ x—2y<_27]

original L

R | 1 2z +y < -2,

+- 20—y < 2,
O

[x+3y§8, ]— =) ety =2,

[$—2y§—2,]_
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Equality Explanation

strict
—2r+y < -2, | -1 —2r +y < —2,
(wtsy<s ]__@_l —+ 0 <0,
—+ €Ww—y< 2,
[ xr—2y < =2, ]—-&T
o Multiply « —
original
—2r+y < =2, | -1 —2x+y < -2,
[x—|—3y§8, ]_ = 2z +y = -2,
Qm—?JE 27

i

| o-2y< -2 |

l l I I max planck institut
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Equality Explanation
strict

27 +y < =2, l-%

¢
e

[ x+ 3y <8, ]—

0 <0,

[ x—2y<—2,]—

—,
8
_|_
&
A\
Qo
I~_¢

o Multiply  —
original

oF

£
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27y < 2, | g

(:;)—»[— _ 3y < -8,
[x—|—3’y§87 ]— — T+ 3y = 8,]
[:c—2y§—2,]— >[33—|—3y§ 8,
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Equality Explanation
strict

—251?—|—y<_27 |

.2
L ‘ —r+ 2y < 2,]
[x+3y<8, ]— — ]
| o—2y<-2 {1 ()
original
—2z+y < -2, | g
‘ —x + 2y < 2,]
| z+3y<s8, 1 ——

(DG

[$—2y§—2,]_

’[ r—2y < =2,
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Equality Test

Original System of Constraints 73
actual iImplying strict
Inequalities Inequalities Inequalities
a?x < b; a;-rx < b; CL:‘L-TX < b;
P Aaix=b|'P =ax=b||P Aax=0
[ Equality ]

Explanation
a; x < b; a; x < b a; x < b;
l Minimal l
Conflict
System for Equality Test
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Equality Test

Original System of Constraints 73
actual iImplying strict
Inequalities Inequalities Inequalities
al x < b; alx < b; aj x < b;
P fraix=b ([P —aix=b||P Aax=0
[ Equality ]

Explanation

a;-rx < b; a?x < b;
l Minimal l
Conflict
System for Equality Test
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Equality Test

Original System of Constraints 73

—_— it strict

non-strict inequalities inequalities
a?x < b; a;-rx < b; aZTX < b;

T T T _

’P7L>CLZ-X:Z?Z' P — a;x =0 ’Pﬁaix—bi
74 : T
a; X < b; : a; X < b;
System for Equality Test
. II p I ﬁlﬁfﬁ}gﬁc}( ilrlSLilLlLBasis for Equalities — Bromberger, Weidenbach 71212016 12/15



Equality Test

Original System of Constraints 7)

_ .. strict
non-strict inequalities | y > 2, nequalities
a?x < b; a;-rx < b; CLZTX < b;

P#Q;X:bi EP%GJ;X: ; ’Pﬁaf{}c:bi

2y > 20— x,

Satisfilable Assignment for 73
r—1 y—2 ov—1

20> 20 —xr,»2-2>2-1-1, 4> 3,
ly >2x,22>2-1, 2>2, |
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Equality Test

Original System of Constraints 73

non-strict inequalities | y > 2% strict
X J ==, inequalities
a; X < by a; x < b; aj x < b;

P#@?xzbi EP%G?XZ ;

P 7@@?)(:[)7;

2y > 2v — x,
~N" ~N" ~N"
a; x < b; E a; x < b;
y > 2,
System for Equality Test
EEE D B R 5" gagis or equaives - Bromberger, weidenbach 71212016 12715



Computing an Equality Basis

original strict equalities

2u=2+v—u,

2u>2+0v—zx, 2u > 24+v —x,

3u<8—v—A4x, 3u< 8—v—A4x,

u< —-242v+z, u< —24+2v+zx

2y < 94 3u — 2z, |:> 2y < 9 + 3u — 2z, ——

2> % 1. 2y~ 20— |Isubstitutions||

y<4-—v-—u, Yy <4—v-—u, v —242u+x,

yZQZC) y>2'ra <:|

sat unsat
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Computing an Equality Basis

original

2u>2+0v—zx,
3u<8—v—A4x,
u< —24+2v+rz,
2y < 9+ 3u — 2z,
2y > 2v — x,
y<4-—v-—u,

y 2 2z,

sat

l l I I max planck institut
informatik

strict

equalities

0> 0,

Su < 10 — dx,
—3Ju < —6 + 3z,
|:> 2y < 94 3u — 2z,
2y > -4+ 4u + x,
y<6—3u-—rwx,
y > 2z,

unsat

2u=2+v—u,

Basis for Equalities — Bromberger, Weidenbach

Usubstitutionsﬂ
v —242u+,
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Computing an Equality Basis

original

2u>2+0v—zx,
3u<8—v—A4x,
u< —24+2v+rz,
2y < 9+ 3u — 2z,
2y > 2v — x,
y<4-—v-—u,

y 2 2z,

sat

l l I I max planck institut
informatik

strict

equalities

Su < 10 — dx,
—3Ju < —6 + 3z,

I:> 2y < 94 3u — 2z,

2y > -4+ 4u + x,
y<6—3u-—rwx,
y > 2,

unsat

2u=2+v—u,
Su = 10 — 5z,

Basis for Equalities — Bromberger, Weidenbach

Usubstitutionsﬂ

vi—= —2+2u+x,
u—2—x,
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Computing an Equality Basis

original

2u>2+0v—zx,
3u<8—v—A4x,
u< —24+2v+rz,
2y < 9+ 3u — 2z,
2y > 2v — x,
y<4-—v-—u,

y 2 2z,

sat

l l I I max planck institut
informatik

strict

equalities

0<0

—>| 2y <155z,

2y > 4 — 3z,
y < 2,
y > 2z,

unsat

2u=2+v—u,
Su = 10 — 5z,

Basis for Equalities — Bromberger, Weidenbach

Usubstitutionsﬂ

vi—= —2+2u+x,
u—2—x,
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Computing an Equality Basis

original strict equalities
2u=2+v—u,
2u>2+v—u, S5u = 10 — 5z,

Ju <8 —v—4x, |:> —
u< —24+2v+rz,

2y < 9+43u—2z, || 2y < 15— 5z, T
o . Usubstltutlonsﬂ
R P S et
y > o, y > 2z, u—2—x,
Yy — 2T,
sat unsat
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Computing an Equality Basis

original

2u>2+0v—zx,
3u<8—v—A4x,
u< —24+2v+rz,
2y < 9 + 3u — 2z,
2y > 2v — x,
y<4—-v-—u,
y > 2,

sat

HTUOIE:
informati

ck institut

k

strict

equalities

9x < 15,
Tz > 4,

0 <0,
0> 0,

unsat

2u=2+v—u,
Su = 10 — 5z,
y = 2z,
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Usubstitutionsﬂ

vi—= —2+2u+x,
u—2—x,

Yy — 2T,
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Computing an Equality Basis

original

2u>2+0v—zx,
3u<8—v—A4x,
u< —24+2v+rz,
2y < 9 + 3u — 2z,
2y > 2v — x,
y<4—-v-—u,
y > 2,

sat

HTUOIE:
informati

ck institut

k

strict
9x < 15,
Tz > 4,
sat

Basis for Equalities — Bromberger, Weidenbach

equalities

2u=2+v—u,
Su = 10 — 5z,
y = 2z,

Usubstitutionsﬂ

vi—= —2+2u+x,
u—2—x,

Yy — 2T,
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Computing an Equality Basis

original

2u>2+0v—zx,
3u<8—v—A4x,
u< —24+2v+rz,
2y < 9 + 3u — 2z,
2y > 2v — x,
y<4—-v-—u,
y > 2,

sat

HTUOIE:
informati

ck institut

k

simplified
=
9x < 15,
Tx > 4,
{3
sat

Basis for Equalities — Bromberger, Weidenbach

equalities

2u=2+v—u,
Su = 10 — 5z,
y = 2z,

Usubstitutionsﬂ

vi—= —2+2u+x,
u—2—x,

Yy — 2T,

7/2/2016
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Computing an Equality Basis

original simplified equalities
2u=2+v—u,
2u>2+v—u, S5u = 10 — 5z,

Ju <8 —v—4x, |:> —
u< —24+2v+rz,

2y <9+ 3u—2z, [=>| 92 <15, .
2> 20— o1 |Isubstitutions||
y<4—v-—u, v =24+ 2u+ T,
y > 2z, :11:' U2 -,
Yy — 2T,
sat sat
? Nelson-

w = I$u:—2—|—2u—l—:r: |$2—33:2—5L‘|$0:0 Oppen
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Conclusions

-

Finding Equalities:

Az <D m) Ar < b mp Conflict = Equality

~

s A Basis for Equalities: A
Axr <b m) Az <b = Equality —=> Basis

L Substitution )

g Applications: A

e Simplify for LIA  * Nelson-Oppen for LRA)

L‘I;lank you for your attention! ]
|

llllllllllllllll
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Inequality Tableau & Bounds
Representation Representation

I, <z <up forke BUN

Ii:Zaij'Ij for i e B
JEN

Equalitly Test

i, <z <up forke BUN

al'x < b fore=1,...,m

al x < b; fore=1,...,m

Equalitly Basis

xk:lkorxk:uk

T; = E a;j-r; forve B
max planck institut jEN
. II p I inforg)l}atikk 7/2/2016 16/17
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substitution

aix="b; foriel C{1,...,m}




Inequality Tableau & Bounds
Representation Representation

I, <z <up forke BUN

xizzaij'xj for: e B
JEN

Equalitly Test

i, <z <up forke BUN

al'x < b fore=1,...,m

al x < b; fore=1,....m

Equalitly Basis

[k = ug forkeI CN
1137::2 a;j-r; forve B
max planck institut EN
. II p I inforg)l}atikk j 7/2/2016 16/17
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substitution pivoting

aix="b; foriel C{1,...,m}




